A semiparametric multivariate fractionally cointegrated system is considered, integration orders possibly being unknown and I(0) unobservable inputs having nonparametric spectral density. Two estimates of the vector of cointegrating parameters ν are considered. One involves inverse spectral weighting and the other is unweighted but uses a spectral estimate at frequency zero. Both corresponding Wald statistics for testing linear restrictions on ν are shown to have a standard null χ 2 limit distribution under quite general conditions. Notably, this outcome is irrespective of whether cointegrating relations are ''strong'' (when the difference between integration orders of observables and cointegrating errors exceeds 1/2), or ''weak'' (when that difference is less than 1/2), or when both cases are involved. Finite-sample properties are examined in a Monte Carlo study and an empirical example is presented.
Introduction
Semiparametric modelling has become popular in cointegration analysis of I(1) time series with I(0) cointegrating errors. In the simplest parametric setting, observables follow a random walk and cointegrating errors are serially uncorrelated. Vector autoregressive (VAR) extensions have been developed (e.g. Johansen, 1991) , but optimal inference on the unknown cointegrating relations loses validity if the VAR order is under-specified, or if the process lies outside the VAR class. Phillips and Hansen (1990) and Phillips (1991a) and others showed that one can do as well allowing the I(0) inputs to have nonparametric autocorrelation, under suitable conditions on the bandwidth employed in the smoothed nonparametric spectrum estimate.
Another source of possible misspecification is the basic I(1)/I(0) framework itself. Recently, optimal inference has developed in a fractional setting (see e.g. Jeganathan, 1999; Robinson and Hualde, 2003) . Here, integration orders were allowed to be unknown, to non-trivially generalize the I(1)/I(0) assumption, but theory was developed only in a fully parametric setting, incurring the familiar concern about misspecification, and just for a bivariate situation, hence avoiding the complexity in simultaneously $ This paper is an extensive development of Hualde and Robinson (2006) . We are grateful for the comments of two referees, which have led to considerable improvements.
, with denoting the gamma function. Denoting by a it the ith component of an arbitrary vector process a t , we say that a scalar process ζ t is integrated of order d, ζ t ∼ I(d), if for any l×1 (l < ∞) covariance stationary process ξ t whose spectral density matrix is continuous and nonsingular at all frequencies,
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for d = max 1≤k≤l d k . Robinson and Gerolimetto (2006) refer to each summand of (1) as ''basic fractional'', so our I(d) process, like theirs, is a linear combination of ''basic fractional'' processes, with maximal order d. We say that a vector process is I(d) if at least one of its components is I(d), the rest having integration orders no greater than d. This definition is identical to that of Hualde (2008) and resembles that of Johansen (2008) , which allows I(d) vectors to have individual components of smaller order than d.
For any r 0 × 1 vector d = (d 1 , . . . , d r 0 ) , the prime denoting transposition, denote ∆(d) = diag ∆ d 1 , . . . , ∆ d r 0 . Let u t , t = 0, ±1, . . . , be an r 0 ×1 covariance stationary unobservable process with zero mean and nonparametric spectral density matrix f (λ),
given by
that is at least continuous and nonsingular at all frequencies. For a r 0 × r 0 nonsingular matrix Υ and a r 0 × 1 possibly unknown vector δ = (δ 1 , . . . , δ r 0 ) , we define the r 0 × 1 vector observable process z t , t = 0, ±1, by
where, without loss of generality we set
which implies z t ∼ I(δ r 0 ). We exclude antipersistent processes (having negative integration order), which seem to have limited economic relevance, except in an over-differencing context. The system (2) is the general framework in which we will discuss the cointegrating properties of z t . We say that a vector ξ t ∼ I(d) is cointegrated if there exists a vector α = 0 such that α ξ t ∼ I(c) with c < d. This definition covers the standard notion of cointegration where the observables share the same integration order (as in, e.g., Engle and Granger, 1987) , but also many others, where observables with different integration orders might combine in the cointegrating relation. The definition is identical to that in Hualde (2008) , which is similar to that of Johansen (1996) , and more general than those in Flores and Szafarz (1996) and Robinson and Yajima (2002) or Robinson and Marinucci (2003) .
The system (2) is very general, but unless δ and Υ are further restricted, it does not necessarily represent a cointegrated model and moreover, is nonidentifiable. As will be seen in Section 2, additional restrictions on δ and Υ are motivated by the particular cointegrating structure which characterizes our observables. Apart from other possible constraints, we will assume in all cases that Υ is upper-triangular with 1's in the main diagonal. We justify below that there is no loss of generality in this restriction, especially in connection to (3). As a very relevant improvement over existing literature we do not assume that all observables share the same integration order (unlike, e.g., Kim and Phillips, 2000; Hurvich, 2003, 2006 ; and effectively also Robinson and Yajima, 2002) , although this possibility is considered and materializes if the last column of Υ −1 contains no zeroes. In addition, we allow the orders of the cointegrating errors to possibly vary, unlike in the standard cointegration literature where all these orders are assumed zero. We will deal with the case of an arbitrary cointegrating rank (that is the number of linearly independent cointegrating vectors) r 1 ∈ {1, . . . , r 0 − 1}, but our results are new even if r 1 = 1, for any r 0 ≥ 2. Given there are no prior restrictions on f , those which will be imposed on Υ and δ ensure identification, and imply that (given consistent estimates of Υ and δ) consistent estimation of f is possible, which is fundamental to our approach.
The truncation in (2) is motivated by systems where at least δ r 0 falls in the nonstationary region, δ r 0 > 1/2. This version of fractional integration (''Type II'' process) and cointegration accords with that in RH. An alternative one (''Type I'' process), for which the procedures developed below nevertheless apply, was used by Dolado and Marmol (1996) , Jeganathan (1999) and Kim and Phillips (2000) . None of these references covers δ r 0 within the stationary region, δ r 0 ∈ (0, 1/2), which will be permitted by our setting; in this case we say that our relations display ''stationary cointegration''. This arose in Robinson (1994a) , and it has been stressed in a finance context by Bandi and Perron (2004) and Christensen and Nielsen (2006) . A larger class (where δ r 0 > 1/2 is possible) consists of cases where the cointegrating gap (the difference between the integration order of the observables and cointegrating error) falls in the (0, 1/2) region, which we denote ''weak cointegration''. Empirical evidence of this, with nonstationary observables, was found by Robinson and Marinucci (2003) , and it has been further discussed by Hualde and Robinson (2007) . The case where the gap is greater than 1/2, which includes the usual I(1)/I(0) situation, is called ''strong cointegration''. It is desired to conduct inference on the unknown elements of Υ , in the presence of unknown δ. The present paper does not merely extend nontrivially the bivariate model in RH to a richer multivariate framework, and allow also for nonparametric f , but simultaneously covers relations of weak and strong cointegration, which, as we understand, has not been attempted before. While asymptotics for point estimates of unknown parameters in Υ differ significantly across these cases, the same rules of inference prevail throughout, with the same Wald test statistic (for a linear hypothesis on these parameters) having a null limit χ 2 distribution. The borderline situation between strong and weak cointegration, with a cointegrating gap of 1/2, will be excluded largely because it seems too special to warrant the space necessary to present the somewhat separate technical treatment that it would require. However, while the convergence rate of our estimates differs from those under both strong and weak cointegration, it seems that the same limit distribution for the Wald statistic will still hold, so that slight limitation of our analysis can be dispensed with.
We find it convenient to treat the nonparametric autocorrelation in the frequency domain. This prompts consideration of two alternative methods of estimating and testing hypotheses on ν. One involves a ratio of weighted periodogram averages either across all frequencies in the Nyquist band, or only over those within a shrinking neighbourhood of zero frequency. The weighting is inverse with respect to smoothed estimates of f . Because of the concentration of spectral mass around zero frequency, where f changes little, computationally simpler statistics, with the same asymptotic properties, replace the weights by multiplicative factors based on an estimate of f (0).
The plan of the paper is as follows. In Section 2 additional restrictions on δ and Υ and estimates of the cointegrating matrix and test statistics will be introduced. Regularity conditions and asymptotic properties are presented in Section 3. Section 4 contains a Monte Carlo study of finite-sample behaviour, and Section 5, the analysis of an empirical example. Some concluding remarks are made in Section 6. Proofs are relegated to an Appendix.
Estimation of cointegrating parameters and test statistics
As previously mentioned, we need to introduce additional restrictions on Υ , δ, which ensure cointegration and identification, and then propose estimates of the unrestricted parameters in Υ .
Our basic assumption (which materializes in Assumption 1) is that the cointegrating properties of z t are characterized by the following structure. First, S
(1) r 1 ⊂ R r 0 represents the cointegrating space of dimension r 1 < r 0 . This implies the existence of a full rank r 0 ×r 1 matrix β(1) (whose columns are cointegrating vectors) such that β(1) z t ∼ I(δ r 1 ), with δ r 1 < δ r 0 . Hualde (2008) shows that δ r 1 is uniquely identified, in the sense that for any other arbitrary r 0 × r 1 matrix whose columns are linearly independent cointegrating vectors, say β(1), β(1) z t ∼ I(δ r 1 ).
In addition, we also assume that S
of dimension r 2 < r 1 , such that there exists a r 0 × r 2 matrix β(2) (whose columns are linear combinations of those of β(1)) so
= sp(β(2)) (where sp(·) denotes column space of a matrix) and β(2) z t ∼ I(δ r 2 ), with δ r 2 < δ r 1 (again Hualde, 2008 , ensures the uniqueness of δ r 2 in the previous sense). Thus, the column vectors in β(2) represent particular directions in the cointegrating space which achieve a greater reduction in the integration orders of the observables (from δ r 0 to δ r 2 ) instead of the ''typical'' reduction (from δ r 0 to δ r 1 ) achieved by most cointegrating vectors. Proceeding in this fashion, we assume that the whole cointegrating structure of z t is characterized by subspaces S (s)
dimensions r s , r s−1 , . . . , r 1 , respectively, where 1 ≤ r s < r s−1 < · · · < r 1 < r 0 , and letting β(j) be r 0 × r j matrices such that
Two issues appear to be relevant here. First, Hualde (2008) presents a procedure to infer the dimension of all possible cointegrating subspaces, and, furthermore, proposes consistent estimates of these subspaces. Second, one of the implications of Hualde's (2008) results is that under such a cointegrating structure
such that the individual observables in z t can be ordered in such a way that
where the components of w (r j+1 +1,r j ) t are individually I(δ r j ) and not cointegrated. Also, the procedure in Hualde (2008) specifies which variables should appear on the left and right hand sides of the different equations of system (4). The main implication of (4) is that, setting 
where I s is the s-rowed identity matrix, and 0 i,j the i × j matrix of zeroes. We formalize the restrictions on Υ implied by (5) and the equalities and strict inequalities among the elements of δ implied by the previous discussion in Assumption 1.
Assumption 1. The relations (2) hold for a possibly unknown vector δ whose components satisfy
and for
, but Υ 1 , like Υ 2 (which is an r 1 × (r 0 − r 1 ) matrix), are otherwise unknown and unrestricted.
Note that when
(2) is the usual I(1)/I(0) cointegrated system with cointegrating rank r 1 .
Denote by ν k the vector of unrestricted parameters in the kth row of Υ , for k ∈ {1, . . . , r 1 }, so ν k is a (r 0 − r j ) × 1 vector if k ∈ {r j+1 + 1, . . . , r j }, j = 1, . . . , s. Thence form the unknown elements of Υ into the q × 1 vector ν = (ν 1 , . . . , ν r 1 ) , where
where c is a r 2 0 × 1 vector of zeroes except for −1 in positions 1, r 0 + 2, 2r 0 + 3, 3r 0 + 4, . . . , r 2 0 and C is the r 
and the cross-periodogram and periodogram
for real λ. Denote by λ j = 2π j/n, j = 0, . . . , [n/2], the Fourier frequencies, where [·] means integer part. Given observations z t , t = 1, . . . , n, and a nonsingular estimate f (λ) of f (λ), based on these data, define the statistics
for an integer m such that
and for s j = 1, j = 0, n/2, s j = 2, otherwise.
, we consider the two sets of estimates of ν, 
However, RH found, in their parametric setting with strong cointegration, that ''zero-frequency'' estimates only do as well as ''weighted'' ones when the cointegrating gap is larger than 1; when it is 1, a ''second-order bias'' appears, and when it is less than 1 (but greater than 1/2) convergence is slower due to suboptimal weighting, and in each case the mixed-normal asymptotics underlying the desirable null χ 2 limit distribution of Wald test statistics is lost. As seen in the following section, limiting the increase of m appropriately repairs this defect (see (26)). In case of weak cointegration, we also limit the increase of m, which, as in the previous case, corrects for simultaneity bias due to correlation between regressors and cointegrating errors. This idea was already present in Robinson (1994a) , who found that m/n → 0 is necessary for consistency of the narrow band least squares estimate in case of stationary cointegration, whereas Marinucci (2001, 2003) found that m/n → 0 reduces the bias of this estimate in nonstationary cointegration situations where the collective memory of regressor and cointegrating error is smaller than 1. Earlier, Phillips (1991a) considered similar estimates to (7) with δ assumed known and with additional conditions imposed on Υ , namely Υ 1 = I r 1 , which are natural restrictions if S (1) r 1 describes the whole cointegrating structure, but not in our more complex and general setting.
Alternatively, by elementary row operations on the r 1 × r 0 sub-matrix (Υ 1 , Υ 2 ), we can transform our Assumption 1 set-up with upper-triangular Υ 1 to that with Υ 1 = I r 1 , but this would in general reduce the ''achievement'' of a cointegration analysis, since the cointegrating relations would in general each have integration order max i∈{1,...,r 1 } δ i . In particular, this transformation would lead to estimation of the cointegrating space S (1) r 1 , but all information contained in the different cointegrating subspaces allowed by Assumption 1 would be, in general, lost. Thus, while this type of transformation seems innocuous in the traditional cointegrating framework (where max i∈{1,...,r 1 } δ i = 0), in our present fractional setting it implies a very strong simplification.
There have been numerous attempts to validate economic hypotheses on long-run relationships among economic variables by testing the parameters of potentially cointegrated models, in particular, whether these satisfy certain linear restrictions. Without being exhaustive, we briefly describe three examples in distinct economic environments. First, Johansen and Juselius (1992) (see also MacDonald and Marsh, 1997) studied jointly the purchasing power parity (PPP) and uncovering interest rate hypotheses by examining relations among five observables (domestic and foreign prices, exchange rate, domestic and foreign interest rates), testing for example whether the PPP holds in every cointegrating relation, and also whether the presence of the interest rates in the cointegrating relations is simply constrained to their differential. Second, Johansen and Juselius (1994) , in an ISLM multivariate model with five observables (money, income, price, three-month commercial bill and ten-year bond rates) tested restrictions that cointegrating relations are consistent with a money demand equation together with interest rate differential and the deviation of the bond rate from an inflation rate measure. Finally, in a different setting, Jacobson et al. (1998) investigated, in a multivariate cointegrated model with four observables (real output, employment, labour force, real wage), the behaviour of real wages and unemployment, testing (by examining restrictions among cointegrating parameters) the joint hypothesis that unemployment and labour's share of value added are I(0). Thus consider the null hypothesis
where v is a given J × 1 vector and R is a given J × q matrix. For
k ) , where ν (l) k are the parameters in ν k corresponding to regressors
Assumption 2. R has full row rank and, partitioning it columnwise corresponding to the partition of ν into the ν This assumption avoids commutativity problems due to the different convergence rates of the estimates of particular linear combinations of the ν k . As it stands, it permits linear restrictions among coefficients corresponding to regressors z (r j +1,r j−1 ) t , j = 1, . . . , s, within each block of equations in (4), and also covers exclusion restrictions.
The W and Z Wald statistics on which the test of (12) is based are given by
with d = δ or δ.
Main results
We introduce further regularity conditions. For the W estimates we require:
where the A j are r 0 × r 0 matrices such that
A(e iλ ) is differentiable in λ ∈ [−π , π] with derivative in Lip(η), η > 1/2, and with · denoting the Euclidean norm, the r 0 × 1 vector variables ε t are independent and identically distributed vectors with mean zero, positive definite covariance
This is a multivariate extension of Assumption 1 of RH and is easily satisfied if u t is a stationary and invertible ARMA, imposing a global smoothness condition on f (λ) which implies that
where (j) = E(u t u t−j ). It is imposed even under m/n → 0 because it enables the use of the functional limit theorem of Marinucci and Robinson (2000) . For the Z estimates we can slightly relax it to:
Assumption 3
• . Assumption 3 holds with the condition det{A(1)} = 0, replacing (16).
Throughout we denote by K a generic, positive, finite constant. Both W and Z estimates use:
and there exists κ > 0 such that
and, as n → ∞,
On f we impose the following two assumptions, for the W and Z estimates respectively.
Assumption 5 • . There exists > 0 such that, as n → ∞,
for which (22) is satisfied.
Finally the following assumptions are additionally imposed on the bandwidth m in the case of the W and Z estimates respectively. Assumption 6. For all i < j, j ∈ {1, . . . , s} such that δ r i −δ r j < 1/2, for η in Assumption 3,
Assumption 6 • . Assumption 6 holds, and in addition, for all i < j, j ∈ {1, . . . , s}, such that δ r i − δ r j > 1/2, m/n
Part (17) of Assumption 4 is again taken from RH, where it is discussed. Primitive conditions for (18), (19) and for Assumptions 5 and 5
• are presented by Hualde and Robinson (2006) , and further relevant discussions can be found in Chen and Hurvich (2006) and Robinson (2005) , but we briefly discuss how they might be satisfied, and how one might proceed in practice.
Regarding the integration orders, in view of (6) we need to estimate δ r j , j = 0, . . . , s. Denote by δ r j the estimate of δ r j . We first estimate δ r 0 , and as this is the common integration order of the individual components of the (r 0 − r 1 ) × 1 vector z −r 1 ,t , we would likely employ a common estimate. We can obtain such an estimate by univariate semiparametric techniques such as versions of log periodogram regression or local Whittle, applied to only a single element of z −r 1 ,t , or obtain one of these estimates for each element and then estimate δ r 0 by a linear combination of these, such as the arithmetic mean. In order to allow for nonstationarity, tapering can be employed, as proposed by Velasco (1999a,b) -he assumed Type I non-stationarity, but according to Robinson (2005) this does not affect convergence rates, at least. An alternative approach is due to Shimotsu and Phillips (2005) . All these estimates have nonparametric convergence rates that are consistent with (18). It is possible to impose the equality restriction in a more formal way, to obtain a more efficient estimate of δ r 0 than any linear combination of univariate estimates. Robinson (1995a) proposed log-periodogram estimates for a vector process in which integration orders can satisfy linear restrictions, and the same can be done with Lobato's (1999) multivariate local Whittle estimate. They only justified their estimates under stationarity, but non-stationarity can doubtless be covered, as in the scalar case. More important, they assumed their vector observables were not cointegrated, as in our present situation, where the components of z −r 1 ,t are not cointegrated.
The estimation of δ r j , j = 1, . . . , s, is necessarily based on residuals. Noting (4), denote by D (j) the narrow band least squares (NBLS) estimate (see Robinson, 1994a) of D (j) , j = 1, . . . , s, and for two nonnegative real numbers a, b,
particular components of D (j) could enjoy faster convergence rates. Thus, we can form residuals
and apply to them the previously mentioned techniques, noting that, as mentioned before, the individual components of the
Under suitable regularity conditions these estimates will have the same first-order asymptotic properties as corresponding estimates based on the unobservable w (r j+1 +1,r j ) t (cf. Robinson, 2005) and will thence have convergence rates consistent with (18).
Next, denoting by ν the preliminary estimate of ν based on D (j) , we estimate f from the fractionally differenced residual sequence
where we introduce the notation
, for a generic sequence v t . In particular we can form smoothed weighted autocovariance or periodogram estimates f (λ j ) from u t ( δ, ν), t ∈ {1, . . . , n}. Again, under suitable regularity conditions these will have the same first-order asymptotic properties as corresponding estimates based on the unobservable u t , whence the literature on smoothed nonparametric spectrum estimation indicates convergence rates that can be consistent with (20), (21) and (24).
However the rates in (18), (20) and (21) have implications for the choice of m, because (19), (22) and (23), (25) and (26) have also to be satisfied. The estimates of integration orders and spectral densities referred to above have convergence rates no better than n 2/5 , so for example (19) and (22) cannot hold when m grows as fast as n, while satisfying (10), and min i<j δ r i − δ r j ≤ 3/5. Since bias tends to increase with m, for a given rate for m satisfying (19), (22), (23), (25) and (26), bias-reduction may be needed in order to satisfy (18), (20) and (21). Various devices are available for achieving this. With respect to f , Parzen (1957) employed higherorder kernels in the frequency domain, while with respect to the δ's Andrews and Sun (2004) , Hurvich and Brodsky (2001) , Moulines and Soulier (1999) and Robinson and Henry (2003) employed various methods (albeit justified only in case of integration orders falling in the stationarity region). All these methods entail an increase in computation, they rely on greater smoothness in f , and in practice they can sometimes exhibit disappointing small-sample properties. Hualde and Robinson (2006) provide practical guidance on appropriate choices of kernels in order to exploit the greater smoothness in f . However, these methods are not needed if we are prepared to contemplate an arbitrarily slow increase of m with n, since then it is possible to satisfy (19), (22), (23) for arbitrarily small κ, , φ, this is at cost of a slow convergence rate of estimates of cointegration coefficients when δ r i − δ r j < 1/2 (see Proposition 1 in the Appendix) but it does not directly affect our theorems.
Assumption 6 applies when for some i < j, δ r i − δ r j < 1/2, while Assumption 6
• applies when one or more differences δ r i − δ r j are larger than 1/2. The first part of (25) holds whenever m increases with n at algebraic rate, while the second standardly reflects the smoothness index, η.
We next show that our ν estimates (11) have mixed normal asymptotics when for all i, j, i < j, j ∈ {1, . . . , s}, δ r i − δ r j > 1/2; normal asymptotics when for all i, j, i < j, j ∈ {1, . . . , s}, δ r i − δ r j < 1/2; and that when both kinds of relation are present there is a corresponding combination of limiting distributions. Before presenting the general results, we introduce some further notation. Denote by W (w) the r 0 × 1 vector Brownian motion with covariance matrix Ω. Define
,
where
. . .
in which 1 i,j is the i × j matrix of ones, and letting i j be a r 0 × 1 vector of zeroes except for 1 in the jth component,
Let T be a q × q block diagonal matrix with jth block given by 
. . , i. Also, let F (λ) be a q ×q matrix consisting of s × s blocks, the (i, j)th one being 
be the vector which collects the integration orders of the transformed regressors (see Appendix), where 
Finally, we present the useful and interesting global outcome that the limit distributions presented in Theorems 1 and 2 all lead to the Wald test statistics (13), (14) having the same, standard, limit behaviour. Denote by χ 2 J a chi-square variate with J degrees of freedom.
Corollary 2. Let Assumptions 1, 2, 3
• , 4, 5
Corollaries 1 and 2 are direct consequences of Theorems 1 and 2, respectively, along with Assumption 2. Note that the standard limit theory of Wald tests, familiar in many classical situations in econometrics and associated with optimal procedures in the I(1)/I(0) cointegration literature (see, e.g., Johansen, 1991; Phillips, 1991a,b) , is shown to hold here simultaneously for weak (including stationary) and strong relations, and in the possible presence of unknown integration orders of observables and/or cointegrating errors.
Finite sample evidence
A Monte Carlo study of finite sample behaviour was carried out, comparing the performance of our W estimates of the cointegrating parameters with that of the NBLS estimates (in terms of Monte Carlo bias and standard deviation), and also the goodness of the χ 2 approximation established in Corollary 1. We consider (2), (15), with r 0 = 3, A(z) = (1 − φz) −1 I 3 , for values φ = 0, 0.3, the ε t being Gaussian with covariance matrix Ω having ijth element ω ij , fixing ω ii = 1, i = 1, 2, 3, ω ij = ρ = 0, 0.5, −0.4, for i = j. We also impose r 1 = 2, r 2 = 1, which implies δ 1 < δ 2 < δ 3 in (2). Thus, we estimate the model
where we set ν 12 = ν 13 = ν 23 = 1 and consider combinations (δ 1 , δ 2 , δ 3 ) = (0, 1, 2), (0.4, 0.8, 1.6), (0.2, 1, 1.4), (0, 0.4, 0.8), noting that with the parameter values of ν = (ν 12 , ν 13 , ν 23 ) , by construction, z 2t , z 3t , are individually I(δ 3 ), whereas z 1t is I(δ 2 ), so we capture the phenomenon of multicointegration, z 1t cointegrating with the cointegrating error arising from the relation between z 2t and z 3t , producing a new cointegrating error which further reduces the integration order of the observables.
We generated 1000 series of lengths n = 64, 128, 256, and for the estimates of ν we chose bandwidths m = 4, 5, 6, depending on whether n = 64, 128, 256, respectively, whereas for the estimates of δ and f we employed the two possibilities (I, II) = (30, 25), (60, 45), (120, 75) for n = 64, 128, 256, respectively. Marinucci and Robinson (2001) justified the appropriateness of the relatively small bandwidths m. We employ a sequential procedure in order to obtain our final estimates of ν. The first step consists of obtaining a preliminary estimate of ν (the NBLS estimate), taking the form
Note that (29) is a standard cointegrating relation with cointegrating gap δ 3 − δ 2 , so the asymptotic properties of ν 23 can be directly derived from Marinucci (2001, 2003) . The estimation results concerning (28) need to be discussed with caution. The regressors in that equation are I(δ 3 ), so given that the cointegrating error is I(δ 1 ), one might think that the cointegrating gap δ 3 − δ 1 should drive the convergence rate of (ν 12 , ν 13 ) . However, this is not the case because the regressors z 2t , z 3t , in (28) are cointegrated, which invalidates the standard results, although the problem is easily solved by a simple linear transformation. Replacing (28) in (30), (which corresponds to the definition of T given in the previous section), clearly
where I R (·) is the periodogram of the bivariate process (∆
. Thus, in this particular case, it is just the gap δ 2 − δ 1 which drives the convergence rate of (ν 12 , ν 13 ) .
In the second step we estimate δ 1 , δ 2 , δ 3 , by Shimotsu and Phillips' (2005) Table 2 Monte Carlo bias of estimates of ν for φ = 0, ρ = 0, 1000 replications. Table 3 Monte Carlo bias of estimates of ν for φ = 0, ρ = −0.4, 1000 replications. (e.g., Robinson, 1995a,b) are available, but the exact local Whittle procedure is specifically designed to be applied to fractionally integrated processes, as in our present situation. Then, residuals
are computed, and we estimate f (λ j ) by
to compute finally the feasible estimate of ν, ν m ( δ), as in (11).
In Tables 1-12 ν 12 , ν 13 will be very similar, because in our present situation the limiting distribution of the vector of estimates of these parameters is singular.
In the white noise situation, detailed results for bias are presented in Tables 1-3 . Overall the I estimates dominate, the I Table 4 Monte Carlo bias of estimates of ν for φ = 0.3, ρ = 0.5, 1000 replications. Table 5 Monte Carlo bias of estimates of ν for φ = 0.3, ρ = 0, 1000 replications. Table 6 Monte Carlo bias of estimates of ν for φ = 0.3, ρ = −0.4, 1000 replications. Tables 7-12 . Regarding ν 12 , ν 13 , the NBLS estimate emerges as competitive relative to the I, II estimates, whereas the NBLS estimates of ν 23 are substantially worse (except in the (δ 1 , δ 2 , δ 3 ) = (0, 0.4, 0.8) case). In fact, when (δ 1 , δ 2 , δ 3 ) = (0, 1, 2), (0.2, 1, 1.4), the three estimates of ν 12 , ν 13 , perform similarly, NBLS being best when (δ 1 , δ 2 , δ 3 ) = (0.4, 0.8, 1.6) for small n, but worsening relative to the I, II estimates as n increases. In the (δ 1 , δ 2 , δ 3 ) = (0, 0.4, 0.8) case NBLS dominates, but again differences shrink noticeably as n increases, so for n = 256 all estimates are similar in terms of SD.
The II estimate appears to be slightly worse than I, and variations in ρ do not have an important impact on the results, although estimates seem to perform best and worst when ρ = −0.4 and ρ = 0, respectively. The same qualitative conclusions apply in the presence of AR structure, although the overall results worsen slightly in this case. We next studied the Wald statistic for testing the (correct) null hypothesis ν = (1, 1, 1) , which is computed as
Tables 13-15 contain empirical sizes corresponding to nominal α = 0.01, 0.05, 0.10. The first main finding of our experiment is Table 7 Monte Carlo SD of estimates of ν for φ = 0, ρ = 0.5, 1000 replications. Table 8 Monte Carlo SD of estimates of ν for φ = 0, ρ = 0, 1000 replications. Table 9 Monte Carlo SD of estimates of ν for φ = 0, ρ = −0.4, 1000 replications. Table 10 Monte Carlo SD of estimates of ν for φ = 0.3, ρ = 0.5, 1000 replications. 
, although in most cases the distance from nominal sizes is not of overriding concern, taking into account Table 12 Monte Carlo SD of estimates of ν for φ = 0.3, ρ = −0.4, 1000 replications. our relatively complex semiparametric setting. Sizes decrease substantially for larger cointegrating gaps and when AR structure is present, due in this latter case to overestimation of integration orders. Note that with the bandwidth choice I, we are close to parametric estimation when φ = 0, so I is definitely not a good choice if we suspect that the short memory structure which characterizes our system is of AR form. In this case, the smaller bandwidth alternative II, as expected, is more appropriate, mitigating the undersizing produced by the AR structure. Finally, the largest and smallest sizes occur under negative and no correlation respectively.
Empirical example
Numerous studies have been devoted to study the purchasing power parity (PPP) hypothesis by means of cointegration techniques. In the standard I(1)/I(0) framework this includes Corbae and Ouliaris (1988) and Kim (1990) , whereas in the fractional setting Cheung and Lai (1993) analysed a fractional version of the PPP model, which has recently been revisited by Gil-Alana and Hualde (2009) , who employed the parametric techniques proposed by RH to discuss the plausibility of the absolute or homogeneous version of the PPP. Basically, these authors justified the fractionally cointegrated bivariate model
with p t representing the log of the domestic (US) price index, p * data adequately. Second, we employ semiparametric techniques instead of parametric ones, and check whether our alternative procedure leads to different conclusions. By using quarterly US and UK CPI for price indexes and British Pound/US dollar (end of period) exchange rate for the period 1957. Q1-2003.Q4 (188 observations) collected from the IFS database, we infer the cointegrating structure of z t by means of Hualde's (2008) procedure, which we briefly detail below. As in Hualde (2008) , assuming z t ∼ I(δ 3 ), we say that a subvector of z t has a ''reduced order linear combination'' (ROLC) if the linear combination is I(γ ) with γ < δ 3 . This, requires testing three different hypotheses, so to guarantee that the test for H ab has level α, by Bonferroni's inequality the individual tests must have level α/3 (although as will be shown below, this will be slightly modified). The individual tests in (34) will be Robinson and Yajima (2002) and Robinson (2008) procedures, which are based on Gaussian semiparametric estimation of the integration orders, hence, even though in the Monte Carlo experiment we employed the alternative exact local Whittle method, we carried out the whole analysis below based on the usual local Whittle estimate (see e.g. Robinson, 1995b) .
As a preliminary step, we estimate semiparametrically the integration orders of the three observables by local Whittle, using first differences of the series and then adding back 1. For a wide selection of bandwidths the maximum estimated integration order corresponds in all cases to p t , so we work under the assumption that p t ∼ I(δ 3 ). Robinson (2008) , which for the same choice of bandwidths the null of no cointegration is always rejected at α = 0.05 (and also for 9 out of 11 bandwidths at α = 0.01).
Thus, there seems to be strong evidence to reject H pp * . Note that the choice of the relatively large bandwidths is motivated by the poor power results reported by Robinson (2008) for small bandwidths.
Next, H pe is tested, and is strongly rejected because, using again Robinson and Yajima's (2002) procedure, the hypothesis e t ∼ I(δ 3 ) is always rejected at α = 0.01 for all values of b and h(n). Similarly, H p * e is also rejected at α = 0.01, which implies that H 1 (1) is rejected, so there is evidence that r 1 = 2, to conclude the first level of the analysis of cointegration. Next, we search for the possibility of a cointegrating subspace which, following Hualde (2008) , amounts to checking the possible cointegration between cointegrating errors arising from the first level analysis. Noting that there is strong statistical evidence that e t has a different (smaller) order than p t , e t could be considered as one of the cointegrating errors, the second arising from the cointegrating relation between p t and p * t . This second cointegrating error, say w t , is obviously unobservable, but can be approximated by the NBLS residual w t (using bandwidth choices m = 6, 10), so we test for
∩ {e t and w t are not cointegrated} , where δ 2 < δ 3 , using w t instead of w t . As before, we commence the analysis by estimating semiparametrically the individual integration orders of e t and w t , the second one always being the larger for a wide choice of bandwidths. Thus, the possibility that w t ∼ I(δ 2 ) is taken as known, and we proceed with the two individual tests (e t ∼ I(δ 2 ) and e t and w t are not cointegrated) modifying their respective levels appropriately. By using the previous testing procedures (again for the grid of bandwidths [55, 65] , using the two choices m = 6, 10), we never reject e t ∼ I(δ 2 ) at α = 0.10, whereas {e t and w t are not cointegrated} is always rejected at α = 0.01, which implies directly that H 2 (1) is rejected, so we conclude that r 2 = 1. Thus, the whole cointegrating structure is characterized by the system
where α i , i = 1, 2, 3, are (possibly nonzero) constants and δ 1 < δ 2 < δ 3 .
Next we detail the estimation of this system. The first step is to obtain the NBLS estimates of ν = (ν 12 , ν 13 , ν 23 ) , which lead to preliminary estimates of δ 1 , δ 2 , δ 3 and f . As before, the estimates of the orders are local Whittle and f is estimated by (31). These estimates of the nuisance parameters lead to our estimate of ν (noting that due to the filtering applied to the series the presence of α i = 0 is eliminated, see Robinson and Iacone, 2005) . We report below the NBLS estimates of ν and the local Whittle estimates of the integration orders for the bandwidth combination m = 6, 10, and b = 40, 85. In all cases the signs of the estimates of the cointegrating parameters are consistent with what theory predicts, although they are relatively far from ν 12 = −1, ν 13 = 1, which represents the absolute version of the PPP. These estimates are not very much affected by the choice of m, whereas b has a noticeable effect on the estimates of δ, a small value of b leading to larger estimated cointegrating gaps.
As in Gil-Alana and Hualde (2009), we examine the matter of truncation, which is inherent to the modelling of (35)-(37). This model reflects the time when the data begins, and its misspecification could have an important effect on the degree of filtering applied to the series. This effect is moderated by omitting the possibly badly filtered observations which occur at the beginning of the sample. Thus, we report in Table 16 values of our estimates (for the four different bandwidth combinations) based on the last n = n − j observations for j = 5, 6, . . . , 14, in order to explore sensitivity to starting values. Here, we also report the Wald statistic (W ) corresponding to the joint hypothesis ν 12 = −1, ν 13 = 1. Our main findings are as follows. First, the value of b has an important impact on ν 23 , which is close to −1 (when it stabilizes for n < 179) for small b, being substantially larger (in absolute value) when b = 85. Alternatively, ν 12 , ν 13 , are not much affected by b, but are clearly larger in absolute value for larger m. In all cases signs are consistent with theory, with values very close to the absolute version of the PPP for m = 10, after the estimates stabilize. Note that if we are willing to assume that e t has a smaller integration order than p t or p * t , the absolute version of the PPP should be accompanied by the value ν 23 = −1, so the bandwidth combination (m, b) = (10, 40) is the most favourable to this possibility. However, in any of the four scenarios we presented we never reject this absolute version, which as in Gil-Alana and Hualde (2009) is strongly supported by our data.
Final comments
In our semiparametric approach, the choice of bandwidth m is of primary importance. As is typically the case with such asymptotic conditions, (19), (22), (23), (25) and (26) provide no practical guide. Nor, especially in view of the varying convergence rates liable to occur in a multivariate setting, is it likely to be feasible to develop a usable theory of bandwidth choice based on minimizing approximate mean squared error. Rather, as in a number of other complex problems involving smoothing, one might choose to perform the analysis over a grid of m values and assess sensitivity. This can be done without altering the estimation of δ and f . This estimation in turn requires choice of a further bandwidth, and it is the oversmoothing here, relative to m, which is responsible for the property that estimation of δ and f does not affect asymptotic behaviour of the ν estimates.
With this in mind, and depending on the choice of m, datadependent choices of b from the semiparametric integration order estimation, smooth spectral estimation, and autocorrelationconsistent-variance-estimation literatures may be suitable.
It is natural to then ask to what extent there is a parametric counterpart to our results, assuming
where f (λ; τ ) is a known function of λ and an unknown finitedimensional vector τ (as if, for example, we assume u t is a VAR of prescribed degree). Given an estimate τ of τ , the f (λ j ; τ ) can be inserted in place of the f (λ j ) in (9), with m = [n/2]. This gives a multivariate extension of one of the ν estimates of RH (the other being an asymptotically-equivalent ''time domain'' one). In a bivariate setting, under strong cointegration, RH showed precisely the same mixed-normal asymptotics for this estimate as ours, for an arbitrary √ n-consistent τ , so the present paper has established a kind of adaptivity property. However, under weak cointegration, this parametric estimate of ν is, like ours, asymptotically normal but with a faster, √ n, rate, and moreover is not asymptotically independent of τ , or of the estimate of δ, which also needs to be √ n-consistent. In particular we can obtain optimal estimates of ν, δ and τ by jointly optimizing an approximate form of Gaussian likelihood. It is possible to concentrate out of this only the scale matrix Ω (see Assumption 3), leaving a numerical optimization problem of possibly dauntingly high dimension. With respect to weak cointegration then, our semiparametric estimates of ν are less efficient than optimal ones based on a correctly-specified f , but are likely to be much easier to compute, as well as having the desirable property of providing Wald tests which are valid under both weak and strong cointegration. We have assumed that the dimensions of the different cointegration subspaces, r s , r s−1 , . . . , r 2 , r 1 , are known. In practice the presence and extent of cointegration has to be determined from the data, a difficult task in itself. As already mentioned, Hualde (2008) proposed an algorithm for choosing these values, which is based on the tests for equality of integration orders and cointegration proposed by Robinson and Yajima (2002) , and extended by Nielsen and Shimotsu (2007) to cover nonstationary variables. A serious drawback of these procedures is the need (in addition to a bandwidth like our b) for user-chosen tuning numbers in both steps of the procedure. This is avoided in the algorithm of Robinson (2008) , which consists of a sequence of Hausmantype tests using integration order estimates for observables, and is explicitly justified for both stationary and non-stationary observables. Lasak (2005) extended the parametric procedure of Johansen (1991) to fractional series, assuming the (common) integration order of the observables is known and equal to 1, but allowing that of the cointegrating errors (which is also assumed to be constant across all cointegrating relations) to be unknown.
One can include over-identifying restrictions in (8), whence ν represents a vector of unrestricted parameters of dimension less than q, and C and c are correspondingly re-defined, and used in (9). Though our proofs in the Appendix quickly substitute for C and c their just-identified forms, they can be straightforwardly extended, so long as no constraints link parameters whose estimates have different convergence rates. The same kind of problem arises in other multiparameter problems involving varying convergence rates, such as multiple time series linear regression (see Hannan, 1970, p. 447) . Of course this is not an issue when the over-identifying restrictions are all of exclusion type.
With C as defined it is straightforward to show that
To avoid the problem of cointegrated regressors, we will deal with Tb m (δ)T and Te m (δ), where the only change with respect to (38), (39), is that the process z t (δ) is replaced by w t (δ), where
t (δ)) , noting that for l = 1, . . . , s, an arbitrary element of w (l) t (δ) will be w kt (δ l ), where k ∈ {r l + 1, . . . , r 0 } and we use the simplifying notation δ l = δ r l . Note also that w kt (δ l ) is I(δ k − δ l ), where for fixed j = 0, . . . , l − 1, if k ∈ {r j+1 + 1, . . . , r j }, then δ k = δ r j , so in all cases δ k − δ l > 0 in view of Assumption 1.
Parts (i) and (ii) of the theorem are justified on showing
under (i), and
and
where L = S under (i) and L = W under (ii). First we show (40), dealing initially with the convergence of the elements of Te m (δ),
and showing first that
We show that an arbitrary element of Te m (δ) has expectation of smaller order. More precisely we show that
where noting the previous discussion, a ∈ {r l+1 + 1, . . . , r l }. We can write the left side of (45) as the real part of
ikλ is the Dirichlet kernel, where for 0 < λ < π,
Noting that for any λ, k > a,
by periodicity we can write (46) as
where a t = a t (δ k − δ l ). Next, by summation by parts, (49) is
Because
the contribution of the first term in braces in (50) is bounded in modulus by
c > 0, s ≥ 0 by Stirling's approximation, and
(see e.g. Zygmund, 1977) . Regarding the second term in (50), note that
When δ k − δ l = 1, the contribution of the first term on the right of (53) to the second term of (50) is null, because a t+1 (1) = a t (1), t = 0, . . . , n − 2. For δ k − δ l = 1, this contribution is bounded in modulus by
The term in the first braces is bounded by
by (47) and (52), since f is boundedly differentiable. The term in the second braces is bounded by
by Lemma C.1 of RH and (47), which is O(n
Finally, the contribution of the second term on the right of (53) to the second term of (50) is bounded in modulus by
The first integral is O(1) by (47), whereas the second is bounded by
Thus (55) is bounded by Kn Re
, but, as mentioned in Robinson and Marinucci (2001) , this follows by a simple modification of their Theorem 5.1, as p a (λ)
is a well-behaved function without poles. This completes the proof of (44). (2000) and a standard functional central limit theorem for martingales (see e.g. Brown, 1971) 
by Theorem 2.2 of Kurtz and Protter (1991) . Next, noting that by Theorem 4.4 and a simple modification of Theorem 5.1 of Robinson and Marinucci (2001) and Assumption 3
by (56) and a simple multivariate extension of Propositions 4, 5, 6 of RH, to conclude the proof of (40). Next, we show (41), for which we initially justify that
for k ∈ {r l + 1, . . . , r 0 }, and
where E (l,a,k) (λ j ) is a Hermitian matrix given by
using again the notation δ l = δ r l , and noting that for any fixed
which is the covariance stationary version of w kt (δ l ), noting the absence of truncation in the right hand side. We show first that
The left side of (58) is
Clearly, the second term in (59) is O p n Robinson, 1994b) . The third term in (59) is
where the second summation in (60) has mean 0 and variance
Clearly, (61) is bounded by
, with the same conclusion as for the second term. The expectation of the fourth term is the real part of
which by (48) and periodicity has modulus
By Assumption 3 and (47) 
by Lemma 3.2 of Robinson and Marinucci (2001) , to conclude that the expectation of the fourth term of (59) 
by (51) 
Thus, the fourth term in (59) is O p m Lobato (1999) , Christensen and Nielsen (2006) and Nielsen and Frederiksen (2008) , noting that some cancellations take place due to (48). Thus, we conclude
Finally, the proof of (41) is completed on showing
We omit most details because the proof is similar to that for Te m (δ). Re
where w t (δ) is the covariance stationary version of w t (δ), by following similar steps to those in the proof of (58). Then (65) follows straightforwardly, noting again the cancellations due to (48). Next, we show (42), which follows on showing
where L = S under (i) and L = W under (ii). We just prove (66), the proof for (67) Re s j p a (λ j ) − p a (λ j ) I uw k (δ l ) (λ j )
Noting that ( p a (λ j+1 )
where m * = m − 1 if m = n/2 or m * = m, otherwise. Using techniques in Robinson and Marinucci (2003) it is not difficult to show that
uniformly in j ∈ {1, . . . , m}. Thus, by Assumption 5, the first term of (69) is
which is o p (n δ k −δ l m 1/2−min{1/2,δ k −δ l } ) noting (22). Similarly, by (70) and Assumptions 3 and 5, the second term of (69) is 
where e m ( δ) is like e m ( δ) but with f (λ) replacing f (λ). We just prove (71), (72), the proofs for (73), (74) being similar but simpler. The left side of an arbitrary element of (71) × w w k ( δ l ) (−λ j ) − w w k (δ l ) (−λ j ) w u (λ j ).
We just consider the third term of (75), as, following similar techniques to those of RH, one could easily show that the same order of magnitude obtained applies also to the whole of (75). By Taylor's theorem, the third term of (75) Next, setting c 1 (v) = Dc 1 (v) and c(v) = (c 1 (v)S S , c 2 (v), R m (v)S W ) , as in the proofs of (i), (ii), by Marinucci and Robinson (2000) and Brown (1971) 
the Gaussian processes on the right of (79) are mutually independent because S S c 1 (w), c 2 (w), S W R m (w), are mutually uncorrelated processes. Then (27) holds by Theorem 2.2 of Kurtz and Protter (1991) , noting that by results in Robinson and Marinucci (2001) 
First, the proof of (45) readily implies that (85) is o(n 
By the bounds for periodogram expectations given in Robinson (1995a Robinson ( , 2005 and Assumption 3, the expectation of the modulus of the left side of (88) 
